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ABSTRACT 

Concrete is the most used construction material and thus, being the cement a significant part of this material, 

it is also widely used around the world. Cement production is responsible for more than 5% of global CO2 

emissions, which has been continuously increasing. A solution to reduce the cement content in concretes 

without loss of performance is thorough the particle packing optimization. This work uses practical numeri-

cal simulations through linear programming and the modified Andreasen & Andersen model to reduce the 

void content of aggregate mixtures and produce concretes with superior and intermediate packing levels. A 

broad range of distribution modulus “q” values were tested. Deviations between the particle size distribution 

(PSD) curves were calculated in each step of the process. In this study, mixtures with the smallest deviations 

– experimental PSD curves closer to the mathematical packing model – did not present the lowest void con-

tents. The distribution modulus “q” directly affects the fine aggregate content in the mixtures: lower q values 

favors higher fine aggregate contents. For concrete granular skeletons composed by sand and gravel, there is 

a q value below which sand is the top deviation contributor and above which gravel is the top deviation con-

tributor. Moreover, there is a limit to the distribution modulus after which the void content of aggregate skel-

etons tends to increase. In this study, that was 0.30. Concretes with superior packing (S concrete) and with 

the lowest distribution factor (q = 0.25) showed better performance in relation to the other studied concretes, 

with a higher compressive strength at 91 days and with a binder intensity around 6 at 28 days and below 5 at 

91 days. 

Keywords: aggregate packing, eco-efficient concrete, granular skeleton; numerical simulations. 

1. INTRODUCTION 

Concrete is the most widely used construction material. As a consequence, being the cement a significant part 

of this material, it is also widely used around the world. Cement production is responsible for approximately 

5 – 7% of the global CO2 emissions [1], which has been continuously increasing. The past 20 years alone are 

accountable for 66% of all cumulative cement-based CO2 emissions since 1928 [2]. Without technological 

innovations, the increasing demand for cementitious materials will increase the global CO2 emissions even 

more [3]. 

In this scenario, sustainable development is a justification and objective for many studies aimed at min-

imizing the environmental impacts from cement production. In the recent years, concepts such as sustainabil-

ity and service life have started to be incorporated by the construction industry [4]. 

To produce more sustainable concretes, some possibilities are: the use of mineral additions as partial re-

placement of clinker in cement production; the reduction of the overall cement content used in concrete mix-

tures; the design of new materials (such as clinkers with higher reactivity and new binders); the replacement 

of natural aggregates by recycled ones, etc. [5]. However, to maintain or improve concrete performance 
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while keeping it eco-friendly, those solutions must be adequately applied. For example, it has been reported 

that the use of some recycled aggregates can increase the cement consumption, which consequently impacts 

the CO2 emissions [6]. 

In several cases, the progress of eco-efficient concrete studies depends on the ability to develop solu-

tions related to mixture design methods. In this context, packing theories to optimize concrete composition, 

and thus, reduce the void content have been included in some recent research studies [7, 8]. By doing that, 

lower quantities of cement are needed to reach the same mechanical performance. However, the use of parti-

cle packing models for concrete mixture purposes are still seldomly adopted [9]. 

This work uses particle packing principles to optimise the void content in concrete mixtures simultaneously 

to the incorporation of wastes from heavy ceramic industry. These procedures aimed to significantly reduce 

cement consumption in concrete mixtures, without loss of performance, and thus contribute to obtain a more 

eco-efficient material. 

1.1 Particle packing models 

Although particle packing can be verified, for example, by the unit mass measurement of the aggregate mix-

ture, the particle packing models, many of them based on mathematical formulations, are more precise and 

controllable. These models aim to calculate the void content of a given set of particles with known dimen-

sions [5]. 

The packing models can be classified in two basic approaches: a discrete one, which considers the parti-

cles individually [10, 11]; and a continuous one, which examines the particle set as a continuous distribution 

[12]. 

The basis of discrete packing models is the particle packing of multiple monodispersions (particles of 

the exact same size) [12]. Since it is difficult to achieve monodispersions, most studies deal with narrow dis-

crete size classes, which, even so, are continuously sized distributions and do not pack as expected from 

monodispersions [12]. 

Extending the discrete solution into a mixture with infinite discrete size classes, Furnas describes the 

packing efficiency as a continuous distribution, presented in equation (1) [10]. 

 

      
            

             
                                                             (1) 

Where D is the particle size, CPFT (Cumulative Percent Finer Than) is the cumulative percentage of 

particles finer than D, DL is the largest particle size in the distribution, DS is the smallest particle size in the 

distribution, and R is the ratio between consecutive size classes, which are conveniently defined. 

Another early attempt to optimize particle packing was the “Fuller-Kurve” by [13], presented in equa-

tion (2). 

 

      (
 

  
)

 

                                                              (2) 

Where D is the particle size, CPFT is the cumulative percent finer than D, DL is the largest particle size 

in the distribution, and q is a constant named distribution modulus. 

With the same mathematical formulation of this Fuller equation, [14], based on experimental observa-

tions, suggested that q values should be in the range of 0.33 to 0.50, this parameter being dependent of the 

particle characteristics. 

After adding a missing proportionality factor to Furnas’ equation and adding the smallest particle size 

variable to Andreasen’s equation, [12] presented equation (3): 

 

                                        
      

    
                                                   (3) 

 

Using numerical simulations, [12] showed that a q value of 0.37 optimizes their equation, which is often 

named as modified Andreasen & Andersen grading model (modified A&A) [7, 15]. Even so, this value of 

0.37 still has its limitations because the particles used in the simulations were of spherical shape, which most 

concrete aggregates are not. 

 

 



 SANTOS, R.A., MEIRA, G.R., BEZERRA, W.V.D.C., et al.. revista Matéria, v.26, n.4, 2021. 

 

1.2 Aggregate packing optimization 

An optimized particle size distribution (PSD) curve with minimum voids can be obtained by either empirical 

tests (successive mixtures) or numerical solutions. Considering concrete research, this can be done for aggre-

gates and binders or just for the aggregates. This study focuses on the later – optimization of aggregate skele-

tons. 

The successive mixture method can be done in several ways. Manually, aggregates are mixed, and the 

unit mass of this mixture and the specific mass of each aggregate are used to calculate the overall void con-

tent. The mixture having the lowest void content is then chosen as optimum. An often-used process for this 

consists of mixing larger sized with intermediate sized particles, obtaining the best – lowest void content – 

mixture of these two materials.  This mixture is then combined with the next adjacent smaller particle class 

for new void content measurements. This continues until the smallest class of particles is used and a mini-

mum void content is reached. This method is recommended by several authors that investigated conventional 

and self-compacting concretes [16]. On the other hand, with software aid, successive tries can be made by the 

generation of different grain size distribution curves (based on the characteristics of the available aggregates). 

Amongst those, the one which is closest to a given mathematical curve of a packing model (such as the Fur-

nas and the modified A&A) is selected. 

However, if numerical solutions are used, a significant number of numerical curves can be automatical-

ly generated to ensure that the selected one presents the lowest distance possible from the mathematical curve, 

which can be obtained using the least-squares method. This method saves time and materials in comparison 

with successive mixtures. 

Table 1 presents some studies available in literature that used the packing theory to design concrete 

mixtures, with their respective cement contents, packing model and distribution modulus values (if applica-

ble). As shown, packing models are applicable to a wide range of different concretes, from significantly low 

cement consumption ones (126.9 kg/cm³) to ultra-high performance concretes (896.3 kg/cm³). Regarding the 

Modified A&A packing model, the distribution modulus values used in these works to optimize the concrete 

packing range from 0.16 to 0.4. 

Table 1: Studies from literature that used packing theory applied to concrete mixtures. 

 
Authors Cement (kg/m

3
) Packing model Distribution modulus (q) 

S
u

cc
es

si
v

e 
m

ix
tu

re
s 

[17] 312 Fuller - 

[18] 313.0 - 771.5 (25 values) Modified A&A 0.3 

[9] 410.04 Modified A&A Not specified 

[19] 316, 361, 410 Modified A&A 0.35 

[8] 266, 277, 326, 341, 380, 401 Modified A&A 0.26, 0.31, 0.37 

[20] 354, 519, 684 Manual procedure - 

[21] 420 Manual procedure - 

[22] 200, 250, 300, 350 Manual procedure - 

[23] 200 Manual procedure - 

[31] 434.06, 358.1, 347.25, 325.54 Manual procedure - 

N
u

m
er

ic
al

 s
im

u
la

ti
o

n
s 

[24] 212.3, 239.5, 245.0, 290.0, 310.0 Modified A&A 0.25, 0.3, 0.35, 0.4 

[7] 637, 675, 712, 750 Modified A&A 0.23 

[25] 350 Modified A&A 0.35 

[26] 582.1 - 896.3 (12 values) Modified A&A 0.23 

[27] 280 - 480 (15 values) 
4-parameters compressible 

packing model (CPM) 
- 

[5] 126.9 - 213.8 (7 values) Modified Westman & Hugill - 

[28] 279 

Sequential particle packing 

simulation algorithm (Sobolev 

& Amirjanov, 2004) 

- 

[34] 466.7, 362.3 Modified A&A 0.29 

[35] 149, 161, 197, 214, 261, 282 Modified A&A 0.21 e 0.37 

[33] 
332.16, 364.74, 453.77, 439.75, 

607.35, 420.82 
Modified A&A 0.16, 0.23, 0.27 

[36] 413.56, 372.2, 351.5, 330.8 Modified A&A 0.35 
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The studies cited in Table 1, regardless of the methodology used, have the same objective: to increase 

the efficiency of the binders, and thus, reduce the environmental impact, which include the decrease in CO2 

emissions due to a lower cement content. The binder efficiency can be visualized by the ratio between the 

cement consumption in concrete and the compressive strength, which is called binder intensity (bi) [3]. Fig-

ure 1 shows the binder intensity considering the 28-day compressive strength of the different concrete mix-

tures mentioned in Table 1. The bi varied from 2.55 kg.m
-3

/MPa [17] to 15.2 kg.m
-3

/MPa  [8]. The studies 

highlighted in Figure 1, [17-35], presented the lowest bi values among all mixtures. These works used differ-

ent distribution modulus for the fine and coarse materials, and higher energy mixers, which improves the 

dispersion of the particles. [35]. The behavior observed in Figure 1 shows that it is possible to produce con-

cretes of the same compressive strength class with different cement contents and thus increase the binder 

efficiency for those with lower cement content.  

 

 
Figure 1: Relationship between binder intensity (bi) and compressive strength at 28 days for the studies presented in 

Table 1. 

1.3 Scope of work 

In the context of eco-efficient concretes which requires satisfactory performance without increasing cement 

content, the present work shows the use of a practical numerical simulation to enhance aggregate skeleton 

packing. A first aim of this work is to present a methodology for packing analysis in which linear program-

ming is used to save time and materials. For that, the modified A&A model was selected due to its simplicity 

in input parameters (aggregate particle size distributions (PSD) and distribution modulus “q”) and non-robust 

calculations. The used methodology identifies the best aggregate proportions which minimizes the distance 

between the experimental PSD curve and the mathematical PSD curve from the modified A&A packing 

model. Moreover, the effect of aggregate size and deviations between PSD curves are discussed in each step 

of the process and related to the final void content measurements. The applicability of the modified A&A 

model to non-spherical particles was made through granulometric analysis of the experimental (real) mix-

tures, in which the proportions of the materials were obtained through the optimization proposed in this work. 

This methodology is mainly used in high performance concrete mix design. Particle packing for regular 

concretes, however, is still limited, in most cases, to a simple optimization of the granular skeleton of aggre-

gates by the successive mixtures method. Another objective of this work is the mixture design of concretes 

using the optimized proportions of their constituent materials associated with the partial cement replacement 

by a ground waste from heavy ceramic industry without loss of mechanical performance. The mix design is 

presented in a simplified way: particle grain size and specific mass data → computational tool through linear 

programming, which enables the selection of n aggregates or particle size classes (fine and coarse) → opti-

mized aggregate proportions → determination of binder consumption or paste volume → partial replacement 

of cement by ground waste from heavy ceramic industry → concrete mixture. 
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2. MATERIALS AND METHODS 

2.1 Granular skeleton optimization 

Numerical simulations were performed to reduce the void content of concrete granular skeletons. The opti-

mization algorithm included the modified A&A model (3), the least squares method (4) (presented in section 

2.2) and the particle size data from the aggregates. Figure 2 summarizes the needed input and generated out-

put data through each step of the process, which is detailed in the next sections. 

 

Figure 2: Input and output data in the optimization of PSD curves. 

2.1.1 Aggregates 

Two different batches of aggregates (river sand and granite gravel) were used in this work. The sand was 

separated in three fractions: fine (diameter < 0.6 mm), medium (0.6 mm < diameter < 1.2 mm) and coarse 

(diameter > 1.2 mm). The gravels used were gravel 1 with maximum diameter of 12.5 mm and gravel 2 with 

maximum diameter of 19 mm. Figures 3 and 4 show the cumulative and discrete PSD curves of each aggre-

gate batch. Their grain size information was obtained through the granulometric analysis of the aggregates 

carried out by sieving, which followed the [29] recommendations. 

Figure 3: Cumulative and discrete PSD curves of aggregates - batch 1. 
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Figure 4: Cumulative and discrete PSD curves of aggregates - batch 2. 

 

As can be seen in Figures 3 and 4, the used aggregates show complementary particle size distributions, 

which make easier the packing procedures. Furthermore, there is a significant difference between the particle 

diameters from batch 1 and batch 2, as shown in their respective discrete distributions. 

2.1.2 Numerical simulations 

To obtain the mathematical PSD curves, the modified A&A packing model (3) was used. The input data were 

the distribution modulus “q”, the largest and the smallest aggregate diameter (DL and DS, respectively) in 

batches 1 and 2. DL and DS were fixed values of 19 mm and 0.075 mm, respectively, which were obtained 

from the granulometric analysis of the aggregates. A broad range of q values was tested in this first stage: 0.1 

– 0.6. As the input diameters were fixed, for each q value tested a different curve-response was obtained. 

Then, numerical simulations were performed in Microsoft Excel spreadsheets to generate the numerical 

PSD curves. The optimization algorithm was a combination of the least squares method and Excel’s Solver 

command. Using the individual PSD of each aggregate, the simulations calculated the optimal aggregate per-

centages required to plot a numerical PSD curve with minimum deviation to its respective mathematical PSD 

curve. This deviation was calculated through (5) and minimized by the Solver command. 

In Table 2 is presented the mathematical solution to the case of a mixture with “m” aggregates and “n” 

sieves/particle size classes. 
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Table 2: Calculation process of the deviation (RSS) between the numerical and the mathematical PSD curves for a mix-

ture with m aggregates. 

                       ...                

                   ...                       

                   ...                       

... ... ... ... ... ... ...  

                   ...                       

    ∑  
  

Where: 

   – Sieve/particle size class “i”; 

    – Accumulated retained percentage in sieve “i”, calculated by the modified A&A packing model; 

      – Accumulated retained percentage in sieve “i” for aggregate   ; 

     – Accumulated retained percentage in sieve “i” for the combination of aggregates 1, 2, …, m; 

   – Deviation between the accumulated percentage of aggregates retained in sieve “i” and its respective rec-

ommended accumulated retained percentage by the mathematical model; 

RSS – Deviation between the numerical PSD and the mathematical PSD, calculated as a residual sum of 

squares, where: i varies from 1 to n, and j varies from 1 to m. 

In matrix form, the accumulated retained percentages of the combined aggregates for each sieve can be writ-

ten as shown in equation 4. 

[     ]   
 [  ]   

          [

                

                

    
                

]  [

  

  

 
  

]  [

   

   

 
   

]              (4) 

Where:    is the percentage of aggregate    in the combination. 

The packing optimization is performed through linear programming, in which the objective function to 

be minimized corresponds to the RSS (5), and the imposed restriction is ∑         
 . Therefore, the op-

timization consists in varying the coefficients βj until a minimum RSS value is found. 

 

    ∑   
  

  
         

 

   
                                          (5) 

Where: 

    
  

    
 

  
    

      (Modified A&A model) 

    ∑        

 

 
 

After this, the recommended aggregate percentages    were used to compose the experimental mixtures 

in laboratory. This was made for mixtures with q values of 0.2, 0.25, 0.3, 0.35 and 0.4, on both aggregate 

batches.  These values were chosen because they represent a broad range of the optimum q values recom-

mended in literature [7, 8, 18, 19, 24-26]. 

The void content of each mixture was then calculated according to (6), (7) and (8), as recommended by 

the Brazilian standard [30]. Three samples were made for each recommended mixture. The bulk density was 

calculated experimentally, and the specific density was the weighted average specific density of each compo-

nent of the mixture. A two-way Analysis of Variance (ANOVA) was performed to test the significance of the 

independent variables (aggregate batch and distribution modulus “q”) on the dependent variable (void con-

tent). 

                                
          

           
                            (6) 

                           
    

    
                    (7) 
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                                  (8) 

Where ρ is the specific mass, mix is the mixture, %agn is the percentage of aggregate n, d is the bulk 

density, M is the mass and V is the volume. 

The deviations between the experimental-mathematical, experimental-numerical, and numerical-

mathematical curves were also calculated by (5) and compared to their respective void content values. In this 

work, the mathematical curves are those obtained from the modified A&A model (3), numerical curves are 

those that, starting from the particle size distribution of each aggregate, come closest to the mathematical 

curves, and experimental ones are those obtained from the mixture of aggregates in laboratory using the rec-

ommended percentages of the numerical curves. 

2.2 Concrete mixtures design 

The first step in obtaining concrete mixtures was the definition of the optimal proportion between the aggre-

gates, as explained in section 2.1. 

From the results of the numerical simulations and experimental mixtures, two levels of the distribution 

modulus q were chosen: 0.25 and 0.35. The used aggregates were from batch 2 (Figure 4), due to the lower 

voids content obtained in this batch.  

The second step was the definition of the cement and the waste material (used as Portland cement re-

placement) contents, the water to fines ratio and thus the concrete formulations. 

The used cement was a Brazilian high early strength Portland cement (CPV ARI), with specific mass of 3.11 

g/cm³. It was chosen due to its high level of clinker content. A ground clay brick waste (GCBW) from a local 

ceramic industry was used as partial cement replacement. Its specific mass was 2.61 g/cm³ and its milling 

procedure is fully described in [40]. This industrial waste was chosen due to the high volume generation of 

bricks waste in the region where this study was carried out, which is a consequence of the heavy ceramic 

industry being an strong industrial segment in Paraíba state [40]. Table 3 and Figure 5 present the chemical 

composition and the particle size distribution of GCBW and CPV. In Figure 5, it can be seen a contribution 

of GCBW in granulometry zones were cement present lower contents (particles smaller than 3 µm and higher 

than 50 µm). 

 

Table 3: Chemical composition of GCBW and cement CPV 

Oxide content (%) 

M
a

te
ri

a
l 

SiO2 Al2O3 Fe2O3 MgO K2O Na2O TiO2 CaO BaO P2O5 SO3 MnO ZrO2 

64.24 18.25 9.68 1.82 1.65 1.40 1.10 0.86 0.28 0.19 0.15 0.14 0.09 GCBW 

22.11 3.99 3.41 1.97 0.96 0.43 0.37 62.25 0.09 0.64 3.51 0.03 - CPV 

 

Figure 5: Particle size distribution of the cement CPV and GCBW. 
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The concrete mixtures adopted in this work are shown in Table 4. The reference mix (REF) was not de-

fined using packing procedures, but instead, a conventional concrete composition with 430 kg/m³ of cement 

was adopted. The other concrete mixtures were defined in two levels of packing, upper (SQ) and intermediate 

(IQ), with 5 and 4 aggregates, respectively, and two levels of distribution modulus q, 0.25 and 0.35, which 

are reflected on concrete codes informed in Table 4. The substitution of 50% of cement by GCBW was 

adopted for all optimized mixtures and a constant ratio of 0.45 between water and fines (cement and GCBW) 

was set for all concretes. 

Table 4: Concrete mixtures. 

Concrete 
Cement 

(kg/m
3
) 

GCBW 

(kg/m
3
) 

Fine Sand 

(kg/m
3
) 

Medium 

Sand 

(kg/m
3
) 

Coarse  

Sand 

(kg/m
3
) 

Gravel 1 

(kg/m
3
) 

Gravel 2 

(kg/m
3
) 

Water 

(kg/m
3
) 

SQ2550 215 215 431.4 114.6 422.4 464.0 313.7 193.5 

SQ3550 215 215 337.3 106.7 413.7 511.2 377.7 193.5 

IQ2550 215 215 482.6 - 506.4 454.4 303.1 193.5 

IQ3550 215 215 384.6 - 493.7 503.1 365.4 193.5 

REF 430 - - 798.8 - - 966.3 193.5 

 

Figure 6 shows the percentage of each constituent material in the concrete mixtures, where the differences in 

adopting an upper or intermediate packing, as well as a distribution modulus of 0.25 or 0.35, can be easily 

seen. 

Figure 6: Relative volume of each material on concrete mixtures. 

 

 

The concretes were mixed in a concrete mixer with capacity of 320 liters and rotation speed of 30 rpm. 

Then, cylindrical molds were used to cast concrete specimens (10 x 20 cm). After being cast, all concrete 

specimens were cured in a wet chamber for 7, 28 and 91 days and afterwards were made available for testing. 

Slump test in fresh state and compressive strength at 7, 28 and 91 days in hard state were the tests carried out 

with the studied concretes. All of them followed the Brazilian standards recommendations. 

 

3. RESULTS AND DISCUSSION 

 

3.1 Granular skeleton 

3.1.1 Effect of aggregate size 

Using the numerical simulations described in section 2 to generate numerical PSD curves, by increasing the 

distribution modulus “q” values, it was possible to observe a decreasing linear trend of fine aggregate content 

(Figure 7). Higher q values leads to coarser mixtures, while smaller q values leads to mixtures rich in fine 

particles [24]. As the fine aggregate content directly influences the workability of the concrete, the adequate 

value of the distribution modulus in (3) may vary depending on the application requirements. 
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Figure 7: Relationship between fine aggregate content and distribution modulus (q). 

The deviations between the numerical and mathematical PSD curves are presented in Figure 8. Lower 

total deviations (Batch 1 and Batch 2 series) were found for higher q values, with stabilization trend after q 

values higher than 0.35. In general, for q values greater than 0.35, the total deviation trend (Figure 8) and the 

fine aggregate content trend (Figure 7) diverge, since the first one tends to stabilize and the last one has a 

continuous linear decrease behavior. As discussed, mixtures with lower q values are richer in fine aggregate 

content (Figure 7). Moreover, sand is the top contributor in the overall deviation values until q = 0.47 (Batch 

2) or q = 0.60 (Batch 1). Therefore, when the sand content decreases, these deviations tend to also decrease. 

Figure 8: Deviations (RSS) between numerical and mathematical PSD curves. 

3.1.2 Experimental mixtures 

After the numerical simulations were performed, experimental mixtures were made using the recommended 

aggregate compositions from their respective numerical PSD curves. This was made for mixtures with q val-

ues of 0.20, 0.25, 0.30, 0.35 and 0.40. Using (6), (7) and (8), it was possible to calculate the void content of 

those mixtures (Table 5). 
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Table 5: Distribution modulus, deviations, experimental mixture compositions and void indexes. 

Distribution  
modulus "q" 

Deviations* 

Numerical mixture (%) Experimental results 

F
in

e
 s

a
n

d
 

M
e

d
iu

m
 s

a
n

d
 

C
o

a
rs

e
 s

a
n

d
 

G
ra

v
e
l 

0
 

G
ra

v
e
l 

1
 

Unit weight 
(g/cm³) 

Void content (%) 

Batch 1 

0.20 0.48 24.87 7.92 20.21 21.98 15.02 1.79 32.46 

0.25 0.43 21.75 7.93 30.10 23.32 16.89 1.80 32.19 

0.30 0.40 18.89 7.82 29.85 24.57 18.86 1,80 32.21 

0.35 0.38 16.30 7.60 29.47 25.73 20.89 1.71 35.41 

0.40 0.37 13.97 7.30 28.96 26.78 23.00 1.69 36.19 

Batch 2 

0.20 0.90 29.66 4.87 25.81 27.02 12.64 1.91 28.45 

0.25 0.77 26.42 4.94 25.79 28.80 14.05 1.92 28.15 

0.30 0.68 23.41 4.93 25.61 30.52 15.53 2.00 25.22 

0.35 0.62 20.64 4.85 25.29 32.16 17.06 1.95 27.17 

0.40 0.58 18.11 4.70 24.84 33.71 18.64 1.90 29.10 

 

Figure 9 shows the void content versus distribution modulus plot. As shown, a tendency of increasing 

void content is seen as the distribution modulus increases from 0.30 to 0.40. The minimum void content was 

observed for a distribution modulus (q) of 0.3. 

Figure 9: Relationship between void content and distribution modulus (q). 

 

A two-way ANOVA tested the influence of two independent variables (aggregate batch and distribution 

modulus “q”) on the void content. It was confirmed that there was significant (p < 0.05) difference between 

the aggregate batches, between q values, and between aggregate batches and q values (Table 6), and thus, 

they influence the void content. Duncan’s Multiple Range Test was also performed and ascertained signifi-

cant difference between all levels of q values and between the two studied batches. 
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Table 6: Two-way ANOVA test report. Independent variables: aggregate batch and distribution modulus “q”. Dependent 

variable: void content. 

Dependent  
variables 

Sum of 
squares 

Degrees of 
freedom 

Mean 
squares 

F-value P-value F crit Contribution (%) 

Between aggregate 

batches 
276.701 1 276.70 470.852 2.26E-15 4.351 76.58 

Between q values 50.413 4 12.60 21.446 5.32E-07 2.866 13.95 

Between aggregate 

batches and q values 
22.440 4 5.61 9.546 0.000174 2.866 6.21 

Error 11.753 20 0.59 

   

3.25 

 

A maximum suitable distribution modulus is in line with the results from Funk & Dinger’s computa-

tional simulations, which showed that q values equal or lower than 0.37 favors maximum packing of infinite 

particle distributions, whereas q values higher than 0.37 results in mixtures with higher residual porosity [12]. 

The difference in the maximum recommended q values for this study (0.30) and Funk and Dinger’s (0.37) 

may be because of the morphology of the particles. Their study used spherical shape particles, and the pre-

sent one used real sand and gravel, which have irregular shapes. 

Figure 10 shows the deviations from the experimental mixtures and the mathematical or numerical PSD 

curves. As expected, deviations between the mathematical and experimental PSD curves are higher than de-

viations between the mathematical and numerical PSD curves. This can be explained by the fact that the 

modified A&A model does not consider parameters such as the shape or the texture of the aggregates, and 

thus, more errors are introduced when the experimental mixture is composed. However, these deviations 

were not enough to affect the accuracy of the numerical simulations of this study. 

 

 

Figure 10: Deviations between experimental mixtures and mathematical or numerical PSD curves. 
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Figures 11 and 12 shows the mathematical, numerical and experimental PSD curves for each value of 

distribution modulus used. Aside from the visual proximity between the curves, it can be noticed that all R² 

values between the numerical and experimental PSD curves are higher than 0.99, indicating that the experi-

mental data has very high predictability by the numerical simulations. 

 

Figure 11: Mathematical, analytical, and experimental PSD curves of aggregates batch 1. 

 

 

 
Figure 12: Mathematical, analytical, and experimental PSD curves of aggregates batch 2. 
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3.1.3 General analysis 

An aggregate granular skeleton with minimum void content is important to design eco-efficient concrete mix-

tures with lower binder contents without loss of performance. That is because in concretes with optimized 

granular skeletons, the reduction of cement content is a consequence of paste volume reduction, which out-

weighs any decrease in mechanical performance [31].  In this study, lower deviations did not result in lower 

void content, as shown in Figures 9 and 10. Instead, the distribution modulus had more influence on void 

content since it is directly related to the proportions of sand and gravel in the mixture. 

[32] studied granular skeletons of binary, ternary, and quaternary mixtures with different aggregates, as 

well as the optimum q values for their aggregates that fit the modified A&A model. It was found that the void 

index was influenced by the difference between the largest and the smallest particle sizes, that is, the lowest 

void contents occurred in compositions with the largest difference in size between particles of coarse and fine 

aggregates, and the highest void contents occurred in compositions with the smallest difference between par-

ticles of coarse and fine aggregates. This supports the general concept that for a mixture with minimum void 

content, its constituents should be particle sets with complementary aggregate size distributions. In this work, 

the aggregates PSD curves showed complementary distributions, which favored the aggregates compaction. 

[32-34] focused on the study of particle packing in concretes, in which the optimization of the granular 

skeleton was carried out in an inverse way to that presented in this work: adjustments of the aggregate per-

centages were made first, and then the corresponding “q” value was determined. Even so, several “q” values 

were used in their studies: 0.29 in [34] study; 0.126 – 0.253, with 9 values in total in [32] study; and 0.16, 

0.23 and 0.27 in [33] work. However, not all values produced mixtures with satisfactory performance. In [32] 

work, distribution modulus values from 0.201 to 0.253 generated appropriate self-compacting mixtures, but 

values from 0.126 to 0.194 produced non-cohesive mixtures with segregation. In [33], 0.16, 0.23 and 0.27 

were the optimum values to produce concrete mixtures with compressive strengths of 80 MPa, 40 MPa and 

25 MPa, respectively. In [34], 0.29 was the optimum value to produce their high-performance concrete mix-

ture. These values of q are not far from those observed in the present study, that showed lower void index for 

q value around 0.3. 

Considering the aforementioned “q” values, there is a diversity in the considered optimum value for the 

distribution modulus. This can be explained by the fact that it directly influences the concrete properties in 

the fresh (such as flowability and cohesion) and hardened (such as compressive strength and durability) state, 

and thus, the best value will also depend on the desired characteristics of the concrete.  

3.2 Concrete 

The application of linear programming for the aggregate packing produces the best fit to the ideal curve 

(CPFT of the mathematical model), showing the points where there is absence or excess of particles, which 

increase the calculated RSS (5). For concretes of superior packing (SQ25 and SQ35), a better fit is found, 

with only a deficiency of particles below 0.3 mm (Figure 13). As for concretes with intermediate packaging 

(IQ25 and IQ35), the lack of medium sand can be noticed when observing a greater dispersion in the diame-

ters between 0.3 and 2.4 mm (Figure 14). [33, 34] present similar analysis and added particles to improve the 

fit of the curve. In this work, it was decided to work with different levels of packing and to assess whether 

this difference implies significant impacts on the compressive strength of the concretes. 
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 Figure 13: CPFT versus particle size distribution for concrete mixtures with superior packing (SQ25 and SQ35) 

Figure 14: CPFT versus particle size distribution for concrete mixtures with intermediate packing (IQ25and IQ35) 

 

Regarding concrete workability, GCBW concretes showed lower slump values, which was expected due 

to the higher volume of fine materials of these mixtures as well as the higher packing level reached. This was 

also observed in the studies [37-39]. Furthermore, there are also differences between concretes with a distri-

bution modulus q = 0.25 and q = 0.35 and between concretes with superior (S) and intermediate (I) packing 

levels. The first case can be explained by the greater amount of fine sand in concretes with q = 0.25, as seen 

in Table 4, section 2.2. The second case can be explained by the additional presence of the medium sand  in S 

mixtures, which increases the packing level and makes harder the grain displacements.  
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Figure 15: Slump test for concrete mixtures. 

 

Taking into account the mechanical behavior of concretes, Figure 16 shows the results of compressive 

strength of the studied concretes, where can be observed a greater increase at 91 days in concretes with 

GCBW. This behavior can be explained by the pozzolanic activity (on a smaller scale) of this material that 

could be identified in previous studies [37, 40, 41]. The pozzolanic properties were not extensively investi-

gated in the GCBW used. Considering the variability of the firing temperature of the brick kilns, the compo-

sition of the ceramic mass and the fineness presented by the GCBW, this work focused on its filler properties. 

 

Figure 16: Compressive strength of studied concretes at 7, 27 and 91 days. 

 

An important indicator when assessing the eco-efficiency of concretes is the binder intensity (bi) [3], 

which shows the amount of cement per cubic meter of concrete necessary to obtain 1 (one) MPa. Figure 17 

shows the results of the particle packing efficiency thorough the bi with 28 days and the influence of GCBW 

activity thorough the bi at 91 days.  
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The results show the best performance of mixtures of superior packing and q value of 0.25, a distribu-

tion modulus with less deviation (Figure 10) in relation to experimental and analytical mixtures. The results 

of [33] also show better performance in concretes with distribution coefficients less than 0.35, increasing the 

mechanical performance as the value of q decreases. 

Figure 17: Binder intensity at 28 and 91 days for concrete mixtures. 

Comparing the bi values of the studied concretes with other works (Figure 18), it can be noticed that the 

SQ25.50 concrete (bi 28 days = 6.09) has a good index for concretes with medium compressive strength (be-

tween 30 and 40 MPa), which tends to a better performance if considering bi at 91 days (Figure 17). Sequen-

tially, concretes SQ3550, IQ2550, IQ 3550 and REF presented progressively worse bi results. Considering 

that Figure 18 shows the relationship between bi and compressive strength of the twenty-one works men-

tioned in Table 1, it can be noticed the need to apply strategies to reduce the consumption of binder in con-

crete with lower resistance classes (below 50 MPa), since a large amount of the concretes with bi around 5 

kg.m
-3

/MPa have strengths greater than 50 MPa. As a result, the eco-efficient concrete design strategies need 

to be more widespread in the practices of day-to-day constructions. 

Figure 18: Relationship between binder intensity and compressive strength at 28-days - literature and experimental data. 
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4. CONCLUSION 

This study aimed to reduce the void content of aggregate skeletons as a solution to increase cement efficiency 

in low-binder concretes. A practical numerical simulation method using the modified Andreasen & Andersen 

packing model was applied to find the optimum percentages of each aggregate which minimizes the devia-

tions between the numerical and mathematical PSD curves.  Considering the limits of this work, the main 

conclusions that can be drown are: 

 The mixtures with the lowest deviations did not have the lowest void content. In this case, the distri-

bution modulus was a more prevalent factor; 

 Regarding the deviations between the numerical and mathematical PSD curves, for a given set of 

sand and gravel aggregates, there is a distribution modulus value below which sand is the top devia-

tion contributor and above which gravel is the top deviation contributor. In the present case, this 

value was 0.60 for aggregate batch 1 and 0.47 for aggregate batch 2; 

 There is an inherent error when using the modified A&A model, which considers particles to be of 

spherical shape, to compose concrete aggregate mixtures with optimized packing. This is due to the 

real aggregate particles not being spheres. However, this was not enough to affect the accuracy of 

the packing optimization used in this study; 

 There is a limit to the distribution modulus after which the void content of aggregate skeletons tends 

to increase. In this study, that was 0.30. However, depending on the aggregate morphology, this val-

ue may vary. 

 Concretes with superior packing (S concrete) and with the lowest distribution factor (q = 0.25) 

showed better performance than concretes with intermediate packing (I concrete) and reference con-

crete. A binder intensity around 6 was reached at 28 days and below 5 at 91 days for SQ2550 con-

crete. 
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