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Abstract: Microemulsions have been developed and evaluated for application in various fields. For their development, 

ternary phase diagrams are initially constructed, obtained by investigating mixtures of the aqueous and oil phases and 
a surfactant, to determine the regions composed of liquid microemulsions. However, the construction of these 
diagrams requires many steps, so simplification of this method can be useful for the formulation and application of 
these microemulsified systems. Therefore, this article proposes a method to obtain these diagrams employing 
mathematical modeling, by testing systems composed of kerosene (as oil phase), a nonionic surfactant based on 
ethoxylated nonylphenol (NP80), and salt water. The study aimed to ascertain which models (linear, quadratic or 
special cubic) were able to describe the empirical observations, i.e., the ternary phase diagram containing 99 points. 
The results obtained showed that a quadratic model with a smaller sample (31 points) was able to represent these 
systems with 61% variability of the observed data and a confidence level higher than 99.9%. The smaller sample (31 
points) was defined by means extrapolation lines, as described in the standard ISO11358, permitting identifying the 
liquid microemulsion regions of the system composed of kerosene, NP80 and salt water. This result is very promising 
since it permits determining the conditions of interest with significantly less experimental work, and commensurate 
reduction of the final cost of the experiments. 
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1. INTRODUCTION  

A microemulsion is a thermodynamically stable, isotropic and optically transparent microdispersed system 
composed of an oil phase, aqueous phase and an amphiphilic substance (surfactant), forming droplets with 
diameters between 10 and 100 nanometers [1; 2]. 

Microemulsions are attracting keen interest for application in various fields due to their specific properties, such as 
reduction of the interfacial tension between immiscible liquids (typically oil and water), as long as their composition 
is adequately adjusted, and large interfacial area. These systems are kinetically and thermodynamically stable due 
to the small size of their dispersed droplets and good solvency capacity, i.e., ability to promote the simultaneous 
solubilization of hydrophilic and hydrophobic substances in the organic and aqueous phases, respectively, of the 
microemulsified system [3-5]. 

Systems formed by microemulsions can be applied in various areas, such as the food processing, pharmaceutical, 
cosmetic and petroleum industries, among others, by tailoring them to produce efficient results for each application 
(6-10). 

Microemulsions can be formed spontaneously when the aqueous and oil phases and surfactant are placed in 
contact [11], making it possible to combine enormous quantities of immiscible liquids into a single homogeneous 
phase [12]. However, the simple mixture of the constituents of microemulsions does not always lead to a 
homogeneously dispersed system, instead forming multi-phase systems [13]. A classification system was proposed 
by Winsor in 1948 to define the various equilibria existing between the oil and aqueous phases, consisting of four 
types of systems: 

- Winsor I region, with two phases, an oil phase in equilibrium with the emulsified phase containing oil, water and 
most of the surfactant mixture; 

-Winsor II region, also with two phases, consisting of an aqueous phase in equilibrium with an emulsion; 

- Winsor III region, with three phases, containing an aqueous phase and oil phase, separated by an emulsified 
phase; and 

- Winsor IV region, corresponding to a visually single-phase region [14]. 

To produce microemulsified systems, ternary phase diagrams are first constructed, obtained by mixing the aqueous 
and oil phase and surfactants in varying proportions and processing conditions. These diagrams are triangular 
graphs in which each component is represented by one of the vertices of the triangle, so that the sum of these 
variables is always 100% [15]. This type of graph allows identifying the microemulsion regions with different 
compositions, where the modification of the composition of the mixture of immiscible solvents can provide specific 
information about their chemical structures, by the location of the transition limits between regions of 
macroemulsions, phase separation, oil-in-water (O/W) and water-in-oil (W/O) microemulsions [16; 17]. 

These diagrams enable defining the different regions composed by the microemulsions and macroemulsions. In the 
case of microemulsified systems, the central region of interest is the Winsor IV region, where visual observation 
indicates the existence of a single phase. 

However, the method to construct ternary diagrams demands lengthy experiments, since it is necessary to prepare 
many samples with different compositions or mixtures of various proportions of the oil phase, aqueous phase and 
surfactant, besides statistical treatment of the data in each case [18; 19]. 

In this work, a new method was developed to construct ternary diagrams, in which it was possible to identify the 
different compositions and microemulsion regions by applying mathematical modeling. The modeling of processes 
is a tool widely used in engineering, since it permits predicting the results of physical, mathematical, biological and 
chemical phenomena, among others, through mathematical models that are obtained from experimental and 
analytical tests [20; 21]. 

The goodness of fit of the model and the experimental data is determined by calculating the coefficient of 
determination (R2), which describes the proportion of the total variance in the data that can be explained by the 
model. It varies between 0 and 1, where higher values indicate better concordance between the variables. That 
parameter is interpreted as the proportion of the dependent variable Y that is explained by the variation of the 
independent variable X. For example, if R2 is equal to 1, it means that 100% of the variation of Y is explained by the 
variation of X [22; 23]. 

Another statistical tool that is very useful to ascertain the quality of the fit of the values predicted by the model and 
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the experimental data is the root-mean-square error (RMSE), i.e., the error represented by the values estimated by 
the model concerning the observed values [24]. The ideal RMSE value is near zero, since this means the future 
estimate of the mathematical model will be significant [25; 26].  

The new method reported here allowed identifying the regions of liquid microemulsions and the inversion point of 

the micelles with a smaller number of experiments, thus minimizing the time spent in the laboratory, making the 

checking and identification of the microemulsion regions in different systems faster. More specifically, it was 

possible to identify the smallest number of experiments necessary to identify the regions of liquid microemulsions, in 

a form equivalent to that obtained using ternary diagrams containing 99 points. 

 

2. METHODOLOGY 

2.1. Materials 

  The materials used in this study were: kerosene, obtained from Vetec (Rio de Janeiro, Brazil) as oil phase; a 
commercial ethoxylated nonionic surfactant (NP80, produced through the reaction of nonylphenol with ethylene 
oxide, containing 8 ethylene oxide units), purchased from Oxiteno (São Paulo, Brazil); and as aqueous phase, 
distilled water containing the following salts (total concentration of 20,000 ppm): NaCl (39,300 ppm), KCl (604 ppm), 
MgCl2 (1,620 ppm) and CaCl2 (1,700 ppm), obtained from Isofar (Duque de Caxias, Brazil). The aqueous phase is a 
compound of the saline solution with 25% formation water (water naturally formed inside the reservoir) and 75% 
injected water (desulfated seawater injected in the reservoir during secondary recovery).  

2.2. Methods 

2.2.1. Preparation of the compositions for constructions for of the ternary diagram (D99) 

For the construction of these ternary diagrams, we followed a method previously defined in the literature [9]. 
Compositions were prepared, called standard compositions, initially with nine oil/surfactant proportions (1:9, 2:8, 
3:7, 4:6, 5:5, 6:4, 7:3, 8:2, 9:1), homogenized at rest for 24 hours. Then we added quantities of water in each flask 
during 11 consecutive days. After each water addiction, the flasks were homogenized at rest for 24 hours.   After 
each titration of the aqueous phase, we evaluated the macroscopic aspects of formulations. According to the 
macroscopic features determined by visual inspection, the formulations were classified as microemulsions, 
macroemulsions (liquid, viscous and gel) or phase-separated. Transparent systems were classified as 
microemulsions (Mi), and milky formulations were classified as macroemulsions (Ma). The difference between 
liquid, viscous and gel systems is related to the dispersion’s ability to flow when placed at an inclination of 45° (9).  
These quantities of water were added in each flask during 11 consecutive days to obtain the three components of 
the system, resulting in a sum of 100% of the three components in all the flasks on all days (Figure 1). 

 

 
Figure 1 - Illustration of the addition salt water and classification of each formulation 
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The proportions are prepared and after addition of the water, 99 systems were obtained, enabling mapping the 
whole area of the phase diagram. The ternary diagrams were constructed with the Qtiplot software, containing all 
the points obtained and based on visualization of each system, according to the classification of Winsor [9]. Tables 
1 and 2 show the mass amount of each component in the formulation. 

2.3. Mathematical modeling of data 

The new method presented here aims to prove the ability of a mathematical model, prepared from a reduced 
number of compositions, to accurately represent a standard phase diagram containing 99 compositions. Besides 
this, the novel modeling method presented allows representing and identifying the microemulsion or macroemulsion 
liquid, viscous or gel or phase separation regions. 

2.3.1. Construction of the mathematical models and surface area with the set of 99 formulations 

To construct the mathematical models from the empirical observations (phase diagram with 99 formulation), we 
used the system kerosene/NP80/salt water, according to the following method: 

(i) First, a product satisfaction scale was constructed, that is, a value of importance was assigned to each type of 
formulation making up the phase diagram, as described in Table 3. 

 

Table 1 - Mass amount of oil phase and surfactant in each ratio. 

Proportions Oil Phase (mg) Surfactant (mg) 

1:9 500 4500 

2:8 1000 4000 

3:7 1500 3500 

4:6 2000 3000 

5:5 2500 2500 

6:4 3000 2000 

7:3 3500 1500 

8:2 4000 1000 

9:1 4500 500 

 

Table 2 - Mass amount of aqueous phase on each day. 

Days Aqueous phase (mg) Classification 

1º 435 1, 2, 3, 4, 5, 6, or 7 

2º 952 1, 2, 3, 4, 5, 6, or 7 

3º 1579 1, 2, 3, 4, 5, 6, or 7 

4º 2353 1, 2, 3, 4, 5, 6 or 7 

5º 3333 1, 2, 3, 4, 5, 6, or 7 

6º 4615 1, 2, 3, 4, 5, 6, or 7 

7º 6364 1, 2, 3, 4, 5, 6, or 7 

8º 8889 1, 2, 3, 4, 5, 6, or 7 

9º 12857 1, 2, 3, 4, 5, 6, or 7 

10º 20000 1, 2, 3, 4, 5, 6, or 7 

11º 36667 1, 2, 3, 4, 5, 6, or 7 

1 – Liquid Microemulsion; 2 – Viscous Microemulsion; 3 – Gel Microemulsion; 4 – Liquid Macroemulsion; 5 – 
Viscous Macroemulsion; 6 – Gel Macroemulsion; 7 – Phase Separation. 
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Table 3 - Value of importance assigned to each formulation of the phase diagram. 

Formulations Value assigned (%) 

Liquid Microemulsion 70 

Viscous Microemulsion 55 

Gel Microemulsion 35 

Liquid Macroemulsion 20 

Viscous Macroemulsion 10 

Gel Macroemulsion 5 

Phases Separation 0 

 

(ii) The entry data of each composition were inserted in the R software, in the order: 
saltwater/kerosene/NP80/classification. The order of the entry data defines the position of each component on the 
vertex of the equilateral triangle (diagram). 

(iii) After inserting the entry data in the R program, three mathematical models were generated: (i) linear – LM99; (ii) 
quadratic – QM99; and (iii) special cubic – SCM99, to determine which one best fit the input data, i.e., the values of 
salt water/oil/surfactant/value assigned to the ternary diagram containing 99 formulations. 

(iv) The response surfaces and coefficients of determination (R2) were also generated for each mathematical 
model. 

(v) Then, a standard statistical test was applied to calculate the p-value, in order verify the mathematical models’ 
level of significance. 

2.3.2. Choice of points to construct the mathematical models with smallest and crescent number of 
formulation (Pn) 

In this step, points were selected to map the phase diagram, testing nine sets with smallest and crescent numbers 
of formulations, performed as follows: 

(i) First, three external points of each vertex were chosen at the minimum point of kerosene, NP80 and saline water, 
respectively, namely points 3, 5 and 1. Next, a central point [7] and the means of the vertices (kerosene, NP80 and 
saline water) were chosen, respectively points 4, 6, 2. The selection of these formulations composed the first set, 
containing seven points (Figure 2A). 
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Figure 2 - A) First set of points selected, for a total of 7 compositions. B) Second set of points selected, for a total of 
10 compositions. 

 

(ii)  Then the other points were chosen by scanning every three points of the vertices in the direction of the center, 
always with triangular geometry, until attaining 31, as shown in Figures 2 to 6. 

(iii)  The sets of 16, 28 and 31 points were approximately the mean of sets with 13, 22 and 10 points, respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3 - C) Third set of points selected, for a total of 13 compositions. D) Fourth set of points selected, for a total 
of 16 compositions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4 - E) Fifth set of points selected, for a total of 19 compositions. F) Sixth set of points selected, for a total of 
22 compositions. 
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Figure 5 - G) Seventh set of points selected, for a total of 25 compositions. H) Eighth set of points selected, for a 
total of 28 compositions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6 - I) Ninth set of points selected, for a total of 31 compositions. 

 

The sets of points tested to construct the mathematical models with each iteration of sets 7, 10, 13, 16, 19, 22, 25, 
28 and 31 points. The first set of points tested was with seven formulations, in order to map the ends and means of 
the diagram. The other eight sets were built every three points, forming a triangle at the center of the phase 
diagram. The numbers of of point sets tested in this modeling method were determined according to the mean 
square error, which decreased with increasing formulations. However, the maximum number of formulations was 
determined when the mathematical model presented good fit to the data, reduction of the mean square error and 
minimum amplitude variation after the mapping of the phase diagram. 
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2.3.3. Preparation of the formulations of the sets tested with each iteration of sets (Fn). 

Nine sets with 7, 10, 13, 16, 19, 22, 25, 28, and 31 compositions were tested. For example, the first set contained 
seven compositions, each of which was reproduced in the laboratory, i.e., the components were blended according 
to the content of each formulation selected in the previous section. For all the sets of points, each composition was 
reproduced in the laboratory following the method below: 

 (i) First, the oil phase and surfactant were placed in a 50 mL flask, which was shaken manually until complete 
homogenization, after which the flasks were left at rest for 24 hours at room temperature. 

(ii) Next, quantities of salt water were added slowly in each flask, to assure the incorporation of the aqueous phase, 
which remained in equilibrium in the system. Then 2 grams of salt water at room temperature was added to each 
flask, and the solution was submitted to magnetic stirring for 30 minutes. This step was repeated until the addition of 
the entire quantity of the composition’s aqueous phase (approximately four saltwater additions, each one of 2 
grams, every half hour).   

(iii) According to the macroscopic features determined by visual inspection, the formulations were classified as 
microemulsions, macroemulsions (liquid, viscous or gel) or phase-separated, as described in section 2.2.1. 

(iv) Finally, a product satisfaction scale was formulated, that is, a value of importance was assigned to each type of 
formulation that made up each set tested with smallest and crescent number of points, as described in Table 3. 

2.3.4. Construction of the surface area and mathematical model for each iteration of the sets tested (Mn). 

The mathematical model with each iteration of sets able to describe the set of empirical observations (D99) 
obtained in the experiment with 99 points was determined as follows. We constructed the surface areas and 
respective mathematical models of the 9 sets defined with a smallest and crescent number of experiments. 

The models were constructed by substituting the independent variables for w, k and s, denoting water, kerosene 
and surfactant, respectively. The models were: liner  
f(w, k, s)=A*w+ B*k + C*s); quadratic, f(w, k, s) = A*w + B*k + C*s + D*w*k + E*w*s + F*k*s); and special cubic, f(w, 
k, s) = A*w + B*k + C*s + D*w*k + E*w*s + F*k*s + G*w*k*s). For each iteration of sets, the model was determined 
as follows: 

(i) First, we inserted the values of the independent variables w, k, s and Va of each point, that is, the quantities (salt 
water/kerosene/surfactant) and the value assigned to each formulation, in the R software. The entry data were 
inserted in the order column A (salt water), column B (kerosene), column C (surfactant) and column D (value 
assigned).  

(ii) The mathematical models (LMn, QMn, and SCMn) and the response surfaces for each set of the smaller and 
crescent number of points were generated individually. 

(iii) Then, the predicted values of each model were tested and compared with the predicted values of the 
mathematical model of the same nature that was obtained from the set of 99 points from the empirical observations 
(LM99, QM99, and SCM99). 

(iv) The comparison between the prediction (LM99, QM99, SCM99) x (LMnp, QMnp, SCMnp), where n is each 
iteration of sets, permitted calculating the root mean squared error (RMSE).  

(v) With the RMSE values, an adjustment of a first-order exponential decay curve with R2 greater than 0.99 was 
made. 

(vi) By means of extrapolation lines, according to ISO11358, the group with the lowest number of formulations was 
able to describe the set of empirical observations (phase diagram with 99 formulations) with a significance level of 
99.99%. 

We repeated the method described above for each iteration of sets of points, i.e., we tested the linear, quadratic 
and special cubic models for the 9 sets defined (7, 10, 13, 16, 19, 22, 25, 28 and 31 experiments). 

 

3. RESULTS AND DISCUSSION 

3.1. Construction of the phase diagrams 
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The diagrams make it possible to observe various types of dispersions, including translucent systems, such as 
liquid and viscous microemulsions, and opaque systems, such as liquid and viscous macroemulsions. 
Microemulsions were classified as systems that were transparent and homogeneous during the phase diagram 
construction, and can be seen in Figure 7. Both were liquid (transparent and homogeneous fluids, as observed 
when moving the flask), and gel or viscous (no or little movement when inverting the bottle). Figure 8 shows the 
appearance of the macroemulsions obtained, which differ from microemulsions by opacity. 

In the kerosene/NP80/salt water phase diagram, the formulations were classified as oil-in-water liquid 
microemulsions after reaching a saltwater content of approximately 55%, generally after the seventh salt water 
addition. In this system, we did not observe formulations classified as liquid macroemulsions, because when 
increasing the quantity of salt water in the system, the formulations presented phase separation. 

 

Figure 7 - A) Classification as gel microemulsion in the proportions 1:9 and 2:8 after the second addition of salt 
water; B) Classification as viscous microemulsion in the proportions 1:9 and 2:8 after the third addition of salt water; 
and C) Classification as liquid microemulsion in the proportions 1:9 and 2:8 after the eleventh addition of salt water, 

respectively. 

 

Figure 8 - A) Classification as gel macroemulsion in the proportion 6:4 after the fifth addition of salt water; B) 
Classification as viscous macroemulsion in the proportion 6:4 after the sixth addition of salt water; and C) 

Classification as phase separation in the proportion 6:4 after the seventh addition of salt water. 

 
Figure 9 - Phase diagram with 99 formulations (D99) and its classification regions. 



10    BJEDIS Verdan, et al. 

 

 

This phase diagram (D99) shows the distribution and identification of the regions formed. In general, the diagram 
constructed experimentally with the 99 formulations of the system formed by kerosene, NP80 and salt water 
presented characteristics of determined types of emulsions. Water-in-oil (W/O) liquid microemulsions can be 
observed along the surfactant axis in the ternary diagram, where the water content is below 10%, favoring the 
dispersion of the water droplets in the continuous phase. In this region, the microemulsions had different 
concentrations of surfactants, and it could be visually observed that at low surfactant concentrations, approximately 
30%, the viscosity of the microemulsion declined. In counterpart, for high surfactant levels, the W/O microemulsion 
system had higher viscosity (higher than 30%), maintaining its reverse micellar geometry, since the system was still 
in equilibrium. 

Another region, this time characteristic of oil-in-water (O/W) liquid microemulsions, was observed along the 
saltwater axis of the ternary diagram, where the oil content was below 10%, favoring the dispersion of the oil 
droplets in the continuous phase. In this case, increasing the surfactant concentration raised the viscosity of the 
medium, and it was possible to observe the formation of O/W microemulsified systems visually. Therefore, between 
the W/O and O/W liquid microemulsion regions, there was a viscous microemulsion region where inversion of 
phases (O/W to W/O) probably occurred, meaning low interfacial tension. In regions where the surfactant 
concentration was below 20%, phase separation was generally observed. 

When the surfactant concentration was between 20 and 30%, it was possible to observe an intermediate region of 
macroemulsion, in gel form, located between the microemulsion and phase separation regions. This enabled 
defining the ternary diagram of the kerosene/NP80/salt water system with probable compositions for each region, 
according to Figure 9. These regions were displaced differently according to the characteristics and affinities of the 
components of the emulsion (oil phase, aqueous phase, and surfactant). 

As can be noted, the experimental method used to identify the regions of O/W or W/O microemulsions of the 
kerosene/NP80/salt water system is very complex and demands extensive experimental time. Besides this, the 
identification of the microemulsion regions only occurs after treatment of the data to construct the ternary diagram. 

Therefore, the idea behind the new method proposed here is to reduce the number of experiments necessary to 
identify the microemulsion regions of the kerosene/NP80/salt water system, or any other system with similar 
characteristics, to find the best microemulsion formulations in less time. 

3.2. Mathematical modeling of the data 

A new method for the construction of phase diagrams was developed using mathematical models. Thus, it was 
possible to map the regions of microemulsion or macroemulsion: liquid, viscous, gel or phase separation with 
smaller and crescent number of formulations. This method reduces the time and quantity of materials spent in the 
laboratory. The mathematical modeling was tested with a standard kerosene/NP80/salt water system. 

3.2.1. Construction of the mathematical models for the set with 99 formulations 

The entry data of the phase diagram with 99 formulations of kerosene/NP80/salt water were used to construct three 
mathematical models. The result was three graphs of the surface area (or response surface), one for each of the 
three mathematical models: linear (LM99), quadratic (QM99) and special cubic (SCM99), along with the coefficient 
of determination (R2) and product satisfaction scale (value assigned – Table 3) through size of contour areas.  

Generation of a response surface is a statistical technique to model and analyze problems in which the response 
variables, i.e., the classifications of the compositions, are influenced by various factors, with the aim of optimizing 
the response. 

In this work, we fitted the different formulations to compose a ternary diagram by multiple regression, in which more 
than one independent variable (oil/surfactant/water) influences the response variable. Response variable is the type 
emulsion formed, in which the value was assigned in a scale from 0 to 70%. This scale was a way of separating the 
types of emulsion formed, that is, to transform the qualitative observations into numerical ones. 

Mathematical modeling was done using the least squares technique. Figures 10, 11 and 12 show the response 
surfaces, mathematical equations and coefficients of determination of the models (linear – LM99, quadratic – QM99 
and special cubic – SCM99) for the empirical observations, respectively. To assess which of the mathematical 
models best described the kerosene/NP80 system with 99 experimental points, we used the parameter that 
supplies information on the goodness of fit, the coefficient of determination (R2).  
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Figure 10 - Response surfaces of linear mathematical model (LM99) of set with 99 formulations. 

 

 
Figure 11 - Response surfaces of quadratic mathematical model (QM99) of set with 99 formulations. 

 

 
Figure 12 - Response surfaces of special cubic mathematical model (SCM99 of set with 99 formulations. 
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The mathematical models, R2 and p-values generated for the QNP80/salt water system with 99 points were as 
follows:  

F(w, k, s) = 23.4927*w-4.6549*k+95.7047*s (1) 

F(w, k, s)  = 49.3673*w+41.4229*k-10.0471*s-344.8685*w*k+195.5358*w*s+276.5345*k*s (2) 

F(w, k, s)  = 30.195*w+6.925*k-44.545*s-165.2454*w*k+375.1588*w*s+536.5786*k*s-1285.2998*w*k*s (3) 

- Linear model (LM99) - equation 1 with determination coefficient equal to 0.2729 and p-value 0.0061. 

- Quadratic model (QM99) - equation 2 with determination coefficient equal to 0.7835 and p-value < 0.0001. 

- Special model (SCM99) – equation 3 with determination coefficient equal to 0.8015 and p-value < 0.0001. 

 

The response surfaces in the quadratic (QM99) and special cubic (SCM99) models were similar and the coefficient 
of determination for the special cubic model was slightly higher (R2=0.8015) than that in the quadratic model 
(R2=0.7835). By conventional statistical test criteria (p-value test of statistical significance), these determination 
coefficients are considered statistically significant because both models were constructed with confidence degree of 
the 99.99%, that is, since the quadratic model is less complex then special cubic. The quadratic model was able to 
represent the phase diagram containing 99 points with 99.99% confidence. There was an error with probability of 
0.0001% (p-value), so this quadratic model did not fit the data [27]. Since the special cubic is more complex, we 
decided that the quadratic model produced the best fit the entry data of the ternary diagram for Q/NP80/salt water 
with 99 compositions. The surface area of the quadratic model (Figure11) shows the region with the highest value 
of the product satisfaction scale (classification). This was similar to the region of microemulsions formed in the 
ternary diagram with the set of 99 experimental points – D99 (Figure 9). That confirms that the response surface of 
the quadratic model (QM99) more significantly represented the classifications formed in the ternary diagram (D99). 

3.2.3. Construction of the surface area and the mathematical model for each iteration of the sets tested 

The formulations selected were reproduced in the laboratory according to the method described in section 2.3.3. 
Then the mathematical models and surface area were constructed. As described in section 3.2.1 for the quadratic 
model (QM99) that best described the ternary diagram with 99 formulations because of the determination coefficient 
equal to 0.7835 and significance of 99.99%. In this way, the response surfaces and the quadratic models were 
constructed for each iteration of sets (MQn), where n is the number of experiments. Those response surfaces were 
constructed according to the method described in section 4.2.1. 

The response surfaces and quadratic models (QMn) of each iteration of sets (QM7, QM10, QM13, QM16, QM19, 
QM22, QM25, QM28 and QM31) can be seen in Figures 13 to 21. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 13 - A) Surface area and quadratic model (QM7) of the first set of points selected, for a total of 7 
compositions. 
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Figure 14 - Surface area and quadratic model (QM10) of the second set of points selected, for a total of 10 

compositions. 

 

 
 

Figure 15 - Surface area and quadratic model (QM13) of the third set of points selected, for a total of 13 
compositions. 

 

 
Figure 16 - Surface area and quadratic model (QM16) of the fourth set of points selected, for a total of 16 

compositions. 
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Figure 17 - Surface area and quadratic model (QM19) of the fifth set of points selected, for a total of 19 
compositions. 

 

 
Figure 18 - Surface area and quadratic model (QM22) of the sixth set of points selected, for a total of 22 

compositions. 
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Figure 19 - Surface area and quadratic model (QM25) of the seventh set of points selected, for a total of 25 
compositions. 

 

 
Figure 20 - Surface area and quadratic model (QM28) of the eighth set of points selected, for a total of 28 

compositions. 

 

 
Figure 21 - Surface area and quadratic model (QM31) of the ninth set of points selected, for a total of 31 

compositions. 

 

The quadratic mathematical models generated for each set of points of the kerosene/NP80/salt water system are 
shown below. 

 

7 
points 

F(w,k,s) = -5.7641*w-8.5569*k+69.7019*s-
25.0382*w*k+63.6950*w*s+156.7282*k*s 

(4) 

10 
points 

F(w,k,s) = -9.8601*w-15.3241*k+69.6280*s-
12.2457*w*k+68.0464*w*s+160.6213*k*s 

(5) 

13 
points 

F(w,k,s)  = -1.4228*w-7.8237*k+41.8857*s-
13.0401*w*k+141.9993*w*s+222.1535*k*s 

(6) 

16 F(w,k,s) = 9.4250*w+0.6156*k+46.7954*s- (7) 
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points 99.1563*w*k+104.9553*w*s+208.1180*k*s 

19 
points 

F(w,k,s)  = 10.4792*w+1.9110*k+33.9709*s-
69.5254*w*k+134.5303*w*s+227.9118*k*s 

(8) 

22 
points 

F(w,k,s) = 8.6669*w+0.5628*k+25.9313*s-
35.5092*w*k+154.2043*w*s+238.8159*k*s 

(9) 

25 
points 

F(w,k,s)  = 15.0861*w+7.2160*k+30.9648*s-
66.3720*w*k+123.5392*w*s+202.0923*k*s 

(10) 

28 
points 

F(w,k,s) = 23.4047*w+8.5009*k+30.4454*s-
111.6200*w*k+91.6860*w*s+225.8215*k*s 

(11) 

31 
points 

F(w,k,s)  = 24.1887*w+10.8432*k+23.7248*s-
148.5607*w*k+130.1521*w*s+244.7265*k*s 

(12) 

 

3.2.4. Comparison between quadratic models of sets tested with each iteration of sets (QMn) and the 
quadratic model with 99 formulations (QM99). 

The predicted values of each quadratic model for each iteration of sets of points (QMnp) were compared with those 
calculated by the quadratic model with 99 points (QM99p). This comparison predicted values between (QMnp) and 
(QM99p) and allowed calculating the root mean squared error (RMSE). Thus, we evaluated which quadratic model 
with each iteration of sets of formulations presented the lowest error. Table 4 below, for example, shows the values 
predicted by the quadratic model with 7 points (QM7pred) - the sixth column from left to right.  

The equation of the quadratic model with 7 points is represented by the fourth equation described above, that is, 
F(w,k,s) = -5.7641*w-8.5569*k+69.7019*s-25.0382*w*k+63.695*w*s+156.7282*k*s), where the independent 
variables x, y and z of the quadratic model were replaced by the values of salt water (w), kerosene (k) and 
surfactant - NP80 (s) and dependent variable F(w,k,s) is the prediction of the values assigned to the formulations.  

 

Table 4 - Calculated values predicted by the quadratic model of 7 points and quadratic model of 99 points with and 
without correction. 

 

 

7pts 

 

Aqueous 
Phase 

(xw 

 

Oil 
Phase 

(k) 

 

Surfacta
nt 

(s) 

 

Assigned 
value 

 

QM7p 

 

QM99p 

 

RMSE 
(QM7p 

x 

QM99p) 

 

 

QM99pc 

 

RMSE 
(QM7pc 

x 

QM99pc) 

1 0.07 0.05 0.88 70 71.24 19.69 28.44 19.69 22.22 

2 0.44 0.06 0.5 55 49.86 61.39  61.39  

3 0.87 0.07 0.06 0 1.03 35.61  35.61  

4 0.47 0.48 0.05 0 -3.72 -23.99  0  

5 0.07 0.88 0.05 0 1.13 31.01  31.01  

6 0.07 0.44 0.49 70 65.19 72.46  70  

7 0.32 0.3 0.38 35 45.28 46.60  46.60  

 

The predicted values of each quadratic model, with each iteration of sets - MQn were calculated by substituting the 
variables x, y and z for the values of salt water - w, kerosene - k and surfactant (NP80 - s, respectively. The same 
was done for the quadratic model with 99 points (MQ99), which is represented by the last equation of Table 5: F (a, 
q, t) = 49.3673*w + 41.4229*k - 10.0471*s-344.8685*w*k + 195.5358*w*s + 276.5345*k*s. 



Surface modeling as a tool for constructing pseudo ternary diagrams                                                                                     BJEDIS    17 

 

The root mean square error (RMSE) was obtained according to the method calculated by the Qtiplot program. The 
values predicted by the quadratic model with the smallest and largest number of points, (MQnp) and (MQ99p), were 
inserted into the program and the linear adjustment was made. 

As can be seen in Table 6, the RMSE was calculated in two ways: quadratic model with and without correction. In 
the case of MQn and MQ99 without correction, the predicted values below and above the assigned values of 
importance were considered, that is, between 0 - 70%, depending on the formulation. The RMSE was 28.44 (Mg7p 
x Mg99p). In the case of MQnpc and MQ99pc, the RMSE ranged from 28.44 to 22.22 (MQ7pc x MQ99pc). When 
the predicted value of the quadratic model was corrected, the RMSE declined, indicating that the estimated error 
around the observed values was minimized.  

The quadratic models were aligned (corrected) with minimum and maximum values, so that the values predicted by 
quadratic models below zero or greater than 70 were set with values of 0 and 70%, respectively. The alignment of 
the predicted values was set with the values of minimum (zero) and maximum (seventy) for all quadratic models of 
this work. 

Thus, all RMSE values were calculated based on the values predicted by quadratic models with each iteration of 
sets (MQnpc) versus the values predicted by the corrected quadratic model of 99 points (MQ99pc). Table 5 shows 
the RMSE values of each set of points with 99.99% reliability and Table 6 shows the RMSE for the set of 99 points 
that was calculated between the experimentally observed data versus the values predicted by MQ99pc. 

 

Table 5 - Results of the root mean squared error (RMSE) for the sets of points. 

N = no. 
of points 

RMSE 

(QMnpc) X (QM99pc) 

7 22.23 

10 18.55 

13 14.13 

16 12.75 

19 10.50 

22 9.27 

25 8.71 

28 8.13 

31 7.51 

 

Table 6 - Results of root mean square error (RMSE) for sets of 99 points. 

Points RMSE 

(Assigned Values) x QM99pc) 

99 3.57 

. 

To identify the number of experiments capable of representing significantly the phase diagram with 99 formulations, 
a first-order exponential decay curve was generated in the Qtiplot program, plotting the RMSE value of each set 
points versus the number of experiments. By means of extrapolation lines as described in standard ISO11358 [28], 
an estimate was made of the number of experiments required to represent the phase diagram of empirical 
observations significantly. Figure 22 shows the first-order exponential decay curve. The estimated number of 
formulations was 31 after extrapolation of the lines, which was confirmed by the amplitude results generated by the 
program after the plot of this curve. The results showed that the quadratic model with 31 points was able to 
adequately describe the phase diagram of the kerosene/NP80/ saline system containing the 99 empirical 
observations. The new method for the construction of the phase diagram developed this work showed that with the 
increase of the number of experiments, the RMSE declined, that is, the quadratic model containing 31 points 
(MQ31) presented good adjustment of the empirical observations. In addition, the result of the amplitude was equal 
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to 3.11x101, indicating that additional gains in fit adjustment would require 31 more experiments, that is, the RMSE 
would decrease significantly after 62 experiments, which would be experimentally impractical. 

 

 
Figure 22 - First-order exponential decay curve. 

 

For show the significance of the reduced method was comparied the RMSE of the reduced set and the enlarged 
set. Table 8 shows the RMSE for the set of 31 and 99 points that was calculated between the experimentally 
observed data versus the values Predicted by MQ31pc [29-31]. Both sets presented the approximately the same 
RMSE, that is, the method of reduced formulations is excellent and reproduces very well the enlarged 
set. Therefore, the latter is unnecessary. 

 

Table 7 - Results of root mean square error (RMSE) for sets of 31 and 99 points. 

Sets/model 

Assigned value of 
the sets 31 

compositions                    
x                                         

MQpc31 

Assigned value of 
the sets 99 

compositions                    
x                                         

MQpc31 

RMSE 13.62 13.50 

 

4. MODEL VALIDATION 

To validate the quadratic model with 31 points, five compositions were chosen in the region of the liquid 
microemulsion and reproduced in the laboratory, to test a specific region of the model to confirm the expected 
result. The formulations were three oil-in-water types and two water-in-oil types. At the end of the experiments, all 
the formulations were microemulsions (Figure 23). 
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Figure 23 - Formulations in regions of liquid oil-in-water (points 1,2,3) and water-in-oil (points 4, 5) microemulsions. 

 

Table 7 shows the values predicted by the quadratic model with 5 points chosen in the region of the liquid 
microemulsions, along with the percentage of the aqueous phase, oil phase, surfactant and the p-value predicted by 
the quadratic model with 31 points. The results show that the prediction of the quadratic model was in the range of 
30 to 70%. The quadratic model was able to predict the formulations of the liquid microemulsions and showed a 
lower RMSE.  

 

Table 7 - Calculated values predicted by the quadratic model with 5 formulations to validate the quadratic model of 
31 points. 

Points Saline Water Kerosene NP80 Prediction 
attributed 

value 

1 0.13 0.30 0.57 65.62 

2 0.13 0.30 0.37 59.22 

3 0.60 0.13 0.27 40.42 

4 0.70 0.09 0.21 37.29 

5 0.77 0.07 0.16 33.95 

 

 

5. CONCLUSIONS 

The results obtained were encouraging, since the quadratic regression model, estimated at 99.99% significance 
level, explained approximately 61% of the variability of the observed data. Besides this, the quadratic model 
containing 31 formulations was able to represent / map a phase diagram with a reduced number of formulations and 
with a degree of significance of 99.99%. In other words, by calculating the root mean squared error (RMSE) and the 
extrapolation procedure (ISO11358), the regions of microemulsions, liquid or viscous macroemulsions, gels or 
phase separation can be identified in a shorter time and with fewer experiments. 
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